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whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
C

al
if

or
ni

a,
 S

an
 D

ie
go

] 
at

 1
0:

44
 1

1 
A

ug
us

t 2
01

2 



INFLUENCE OF TRANSVERSE FREDERIKS

PERIODIC DEFORMATION ON OPTICAL PHASE

SHIFT IN A NEMATIC LIQUID CRYSTAL CELL

Marta Becchi�, Silvia Ponti, and Alfredo Strigazzi

Dipartimento di Fisica, OOM-Lab and INFM, Politecnico di Torino,

Corso Duca degli Abruzzi, 24-10129 Torino, Italy

A periodic deformation can arise in a nematic liquid crystal (NLC)-cell with

unidirectional planar alignment, when the NLC with positive susceptivity ani-

sotropy is subjected to an external magnetic field. Such a periodic Frederiks

distortion occurs, both in the case of strong- and weak-anchoring, if the ratio

twist- to splay-elastic constants is lower than a critical value: the cell behaves

as a diffraction grating. Here the optical phase retardation of a transmitted

polarized light beam normally incident on the sample is studied in the

approximation of small distortion, in order to find its dependence on

the anchoring conditions. We show that the distortion periodicity goes as the

2nd-harmonic of the in-plane grating, close to Frederiks periodic threshold.

Keywords: diffraction grating; Frederiks transition; Nematic liquid crystals; periodic distor-

tion; phase retardation

1. INTRODUCTION

When the intensity of a magnetic field H normal to the walls of a nematic
liquid crystal (NLC) cell with positive susceptivity anisotropy and initial
unidirectional planar alignment exceeds a certain threshold Ha, the sym-
metry with respect to the normal to the cell plates is broken, and the
NLC undergoes the well known second order Frederiks transition, which
has been described as dependent on one ‘‘order’’ parameter [1], the tilt
angle h (accounted with respect to the cell plates). The angle h turns
out to be dependent only on the co-ordinate z normal to the cell walls.
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Lonberg and Mayer were the first [2] to show that, if the twist distortion
definitely costs less energy than the splay, i.e., if the elastic ratio between
the twist- and the splay-elastic constants r ¼ K22=K11 is less than a critical
value rc, then applying a magnetic field with increasing intensity, at a value
Hp < Ha also the azimuth symmetry with respect to the initial planar orien-
tation is broken, and a biperiodic transition takes place. It is driven by two
‘‘order’’ parameters, the twist angle u and the tilt angle h, both dependent
by the co-ordinate y along the initial in-plane alignment and not only on z.
In particular, the twist angle u and the tilt angle h are periodic function of
(y,z), with definite wave vectors (q, k) respectively, thus providing
periodic stripes [3,4]. Such stripes were investigated via numerical appr-
oach in the same planar geometry and also in the case of inclined alignment
of the undisturbed director profile [5,6], and in polymer nematics with large
elastic anisotropy [7] and planarly treated surfaces. Thus the periodic pat-
tern driven by an external field define a unidimensional in-plane diffraction
grating, modulated along the out-of-plane z direction. This is very interest-
ing from both fundamental- and application point of view, since the diffrac-
tion grating appears for Hp < H < Ha, is driven by H, and depends not only
on the material characteristics but also on the surface treatment, since the
surface anchoring affects both thresholds Hp;Ha.

The purpose of the present work is to describe the main feature of the
diffraction grating modulated by the external field H, predicting the beha-
vior close to the threshold Hp of the phase difference DU of a transmitted
light beam with normal incidence with respect to the undeformed director
profile in various anchoring- and elastic conditions.

2. THEORY

Let us consider a nematic liquid crystal with positive susceptivity
anisotropy and small elastic ratio between the twist- and the splay-elastic
constants, filling a planar cell defined by the [xyz] frame of reference
(see Fig. 1). The [xy] plane is assumed to be parallel to the cell walls.
The cell thickness is Dz, the cell plates being at z1 ¼ �Dz=2 and z2 ¼
Dz=2, respectively. Both plates are properly treated in order to favor the
nematic alignment along the x-axis, with the same anchoring strengths at
both sides (symmetrical anchoring conditions). If a magnetic field H with
sufficient intensity parallel to the z-axis is applied, a biperiodic distortion
along (y, z)-axis can occur. In the frame of the first order continuum
theory, the energetic cost of such a distortion can be calculated. The
corresponding bulk free energy density is given by [1]:

fbulk �
1

2
K11s

2 þ K22t
2 þ K33b

2
� �

� 1

2
va n̂n �Hð Þ2; ð1Þ
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where s � n̂nr � n̂n, t � n̂n � curl n̂n, b � n̂n ^ curl n̂n are the splay vector, the twist
pseudo-scalar and the bend vector, respectively, related to the correspond-
ing elastic constants Kii, and va is the magnetic susceptivity anisotropy.
The director n̂n can be expressed as n̂n ¼ îi cosu cos hþ ĵj sinu cos hþ
k̂k sin h, being u ¼ uðy; zÞ and h ¼ hðy; zÞ. The surface free energy density
essentially depends on the anchoring type and following the Rapini-
Papoular covariant description [8,9] is:

fsurf ¼ � 1

2
Wu n̂n � îi

� �2

þ 1

2
Wh n̂n � k̂k

� �2

; ð2Þ

where Wh and Wu are the anchoring strengths for tilt and for twist,
respectively.

Close to the Frederiks periodic threshold h << 1rad, u << 1rad, so that
the problem can be linearized, giving: s ¼ hz þ uy, t ¼ hy � uz, b ¼ 0, where
the index means derivative with respect to the mentioned component.
Then the total reduced free energy density g ¼ 2f=K11 can be written as:

g ¼ gbulk þ gsurf ¼ hz þ uy

� �2þr hy � uzð Þ2
h i

� h2h2 þ ðlhDzÞ�1h2

þ rðluDzÞ�1u2; ð3Þ

where r ¼ K22=K11 is the elastic ratio between the twist- and the splay-
elastic constants, h2 ¼ vaH

2=K11 is the reduced square magnetic field,
while lh ¼ K11=Wh Dz, lu ¼ K11=Wh Dz are the reduced extrapolation
lengths for tilt- and twist, respectively. In the case of strong anchoring, lh
and luvanish and g ¼ gbulk only.

The equilibrium state is found when there is a complete balancing of the
torques acting on the system both in the bulk and at the surface. The first

FIGURE 1 Cell scheme with initial unidirectional planar alignment of the NLC-

director profile, H ¼ 0; local director n(y, z) periodically distorted in the

presence of a magnetic field H normal to the cell plates above the threshold. The

polar angle h(y, z) is the tilt angle, the azimuth u(y, z) is the twist angle.
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balancing is described by the Euler–Lagrange equations and the second by
the boundary conditions [10].

The Euler–Lagrange equations read:

rhyy þ hzz þ 1� rð Þuyz þ h2h ¼ 0;
uyy þ ruzz þ 1� rð Þhyz ¼ 0;

�
ð4Þ

where the reduced field h � H
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
va=K11

p
is present in the ‘‘tilt’’ equation

only, but the two equations are coupled. Since the boundary conditions
are symmetrical, it is enough to consider only one surface for instance at
z1 ¼ �Dz=2, giving:

uyðy; z1Þ þ hzðy; z1Þ
� �

� ðlhDzÞ�1hðy; z1Þ ¼ 0;

uzðy; z1Þ � hyðy; z1Þð Þ � ðluDzÞ�1uðy; z1Þ ¼ 0:

(
ð5Þ

It has to be noted that the boundary conditions turn out to be explicitly
independent of r.

In the case of periodic Frederiks transition, the solutions can be repre-
sented by:

h ¼ h� exp i pzþ qyð Þ½ �
u ¼ u� exp i pzþ qyð Þ½ �

�
ð6Þ

By putting Eqs. (6) into the bulk equations, for a fixed q value four solu-
tions are found: p ¼ �k; �im, related through the following relation:

p2 ¼ h2

2
� q2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h4 þ 4

1� r

r
q2h2

r
: ð7Þ

So the most general solutions read:

h ¼ A cos kzþ B cosh mzð Þ cos qy;
u ¼ a sin kzþ b sinh mzð Þ sin qy;

�
ð8Þ

By substituting these last solutions (8) into the Euler–Lagrange (4), two
self-consistency relations are found:

1

R
� A

a
¼ 1� rð Þkq

k2 � rq2 � h2
¼ q2 þ rk2

1� rð Þkq ;

1

T
� B

b
¼ 1� rð Þmq

h2 þm2 � rq2
¼ �q2 þ rm2

1� rð Þmq
;

8>><
>>: ð9Þ

this means that only two integration constants are independent. Consider-
ing the boundary conditions (5) with the solutions (8) and the constraints
of Eqs. (9), a system homogeneous in the two integration constants is
derived, which has not trivial solutions only if the coefficients determinant
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vanishes:

det
M11 M12

M21 M22

	 

¼ 0: ð10Þ

The determinant elements in the case of weak anchoring are:

M11 ¼ l�1
h cos k h; q; rð ÞDz=2½ � þ ðqR� kÞ sin k h; q; rð ÞDz=2½ �;

M12 ¼ l�1
h cosh m h; q; rð ÞDz=2½ � þ ðqT þmÞsinh m h; q; rð ÞDz=2½ �;

M21 ¼ l�1
u R k h; q; rð Þ; q; r½ � sin k h; q; rð ÞDz=2½ �
þ ðqþ kRÞ cos k h; q; rð ÞDz=2½ �;

M22 ¼ l�1
u T m h; q; rð Þ; q; r½ �sinh m h; q; rð ÞDz=2½ �
þ ðqT þ qÞcosh m h; q; rð ÞDz=2½ �:

8>>>>>>>><
>>>>>>>>:

ð11Þ

Equation (10) provides the dispersion relation between q and the external
field h: in other words, it can be considered as an implicit definition of the
function h ¼ hðqÞ. The minimum value of such a function hp ¼ hðqpÞ is
evidently the threshold field for the arising of the periodic Frederiks
transition; the corresponding qp is the initial wave vector of the in-plane
periodic distortion close to this reduced threshold hp.

For each value of h such as hp < h < ha, the cell behaves as a modulated
diffraction grating, with pitch dependent on h. In the approximation of a
small amplitude y-distortion (h<10mrad), i.e., near the Frederiks periodic
threshold, the multiple scattering through the in-plane grating can be
neglected. The optical phase retardation of a polarized monochromatic light
beam, normally incident on the sample, can be evaluated as follows [11,12]:

UðyÞ ¼ 2p
k

ZDz=2

�Dz=2

neff ðhðy; zÞÞdz; ð12Þ

where k is the monochromatic light wavelength and the effective refractive
index is given by neff ¼ no 1�qcos2h

� ��1=2
, where q � 1� no=neð Þ2, no, ne

being the ordinary, extraordinary indexes, respectively. In Figure 2 the
refraction index ellipsoid is shown in both cases of a) undeformed initial
alignment and b) local distorted structure with tilt angle h. In the case
of undistorted system, when the h field is below the Frederiks periodic
threshold, the phase retardation is given by

Uo ¼
2pne

k
Dz: ð13Þ

In order to show the influence of the periodic deformation on the phase
retardation the phase difference DUðyÞ ¼ UðyÞ � Uo will be considered.
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Developing at the second order in h, the optical phase retardation turns
out to be:

DUðyÞ / pn3
e

kn2
o

cos2 qy; ð14Þ

being then characterized by the 2nd harmonic of the actual in-plane
distortion.

3. NUMERICAL CALCULATION

In the case of strong anchoring the boundary conditions (5) result more
simply:

FIGURE 2 Refraction indexes ellipsoid in the case of unidirectional planar

alignment along x-axis, a), and in the case of local distorted alignment along OA-

axis, b). Reasonable data (assumed from 5CB at room temperature), ne ¼ 1.5869,

no ¼ 1.4832 at wavelength k ¼ 633 nm. The incident light wave vector is kil, normal

to the cell plates.
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h z ¼ �Dz=2ð Þ ¼ 0;
u z ¼ �Dz=2ð Þ ¼ 0;

�
ð15Þ

and the dispersion relation coefficients (11) reduce to

M11 ¼ cos k h; q; rð ÞDz=2½ �;
M12 ¼ cosh m h; q; rð ÞDz=2½ �;
M21 ¼ R k h; q; rð Þ; q; r½ � sin k h; q; rð ÞDz=2½ �;
M22 ¼ T m h; q; rð Þ; q; r½ � sinh m h; q; rð ÞDz=2½ �:

8>>><
>>>:

ð16Þ

This allows to recover that there exists a critical value of the elastic ratio r,
preventing the appearance of the periodic distortion [1–3]. In the case of
strong anchoring it is rc ¼ 0.303. If the anchoring is weak, rc.depends on
the anchoring strengths. Below such critical value, for any fixed r a periodic
solution can be found, determining via minimization of Eq. (10) both the
corresponding wave vectors of the periodicity along the y,z-directions
(qp, kp, mp) and the threshold value of the magnetic field hp(qp). In
Figure 3 the corresponding values of qpDz, kpDz, mpDz are shown for
different values of r. It is evident that the wave vectors vanish when r is
approaching its critical value rc, as it is by definition expected, since above
rc only an aperiodic deformation is allowed.

FIGURE 3 The behavior of the reduced wave vectors qpDz, kpDz, mpDz, respecti-

vely – starting from the top, is represented as a function of the elastic ratio r in the

case of strong anchoring. Note that the critical value of the elastic ratio is

rc ¼ 0.303.
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In Figure 4 the corresponding phase retardation is reported, showing the
y-dependence estimated in (14).

The evaluation of the phase retardation has been done also in the case of
weak anchoring, for a fixed r value (r ¼ 0.045, see Fig. 5). The different
anchoring strengths always are given in terms of the relevant extrapolation
lengths, affecting through the boundary conditions the coefficients of the
dispersion relation (11). The optical phase retardation is modulated and
turns out to be strictly dependent on the driving field and on the anchoring
strengths. In particular, for the chosen r-values the dependence on the tilt
anchoring strength is more effective than on the twist anchoring one; and
the period of the phase retardation for weak anchoring is greater than in
the case of strong anchoring.

4. CONCLUSIONS

We have analysed the optical features of a initially unidirectional planar
cell, where the glass plates were treated in order to provide either strong-
or weak anchoring. The cell, filled with a NLC characterized by positive sus-
ceptivity anisotropy and small elastic ratio between twist- and splay- elastic

FIGURE 4 DU vs. y for various elastic ratios r < rc ¼ 0.303 in the case of strong

anchoring. The in plane distortion period increases with r (Chosen values of

r ¼ 0.0001; 0.045; 0.10; 0.15; 0.2; 0.25; 0.30).
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constants, was subjected to an external magnetic field normal to the cell
walls. The conditions for the arising of a biperiodic distortion allow us to
define the cell as a diffraction grating along the in-plane direction of the
initial director profile. In such a biperiodic distorted nematic cell optical
phase shift measurements can give information related to the different
anchoring conditions at the boundary.

In fact, the optical phase retardation DU of a transmitted polarized
monochromatic light beam with normal incidence turns out to be a con-
venient parameter for investigating the properties of the modulated grat-
ing, i.e. of the periodic distortion induced by an external magnetic field.
The phase difference DU was calculated referring UðH > HpÞ to
UoðH ¼ 0Þ in the approximation of small deformation.

We have found that:

. DU exhibits a periodic pattern vs. the in-plane y-direction;

. the periodic pattern close to the threshold is characterized by the period
p=q, corresponding to the 2nd harmonic of the actual in-plane distortion;

. DU dramatically is sensitive to both the external field and the surface
anchoring, as it is shown in Figures 4 and 5.

FIGURE 5 DU vs. y for various anchoring strengths with fixed elastic ratio

r ¼ 0.045. The reduced extrapolation lengths are: (lh ¼ lu ¼ 0, bold line), (lh ¼ 1,

lu ¼ 0, dashed line), (lh ¼ 0, lu ¼ 1, dotted line), (lh ¼ lu ¼ 1, mixed line). Note

that for strong anchoring the in-plane distortion is characterized by the minimal

periodicity.
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